(Theory of Small Oscillations) 

JjjlJlS oU^iiil ^^.J L3I3IAVI <£_^JI iiLJI Jj.^itl ^i L^jj 

•^ jfe u' i«^uiJ}- o^-e ^ ^e^J' c.Ijj>JI jUjIj SS^JI oVjL^ LL&J 
o\yi\ c^j Jj^ <k^^ i^l^l <Zj^ ^^i^ ^Ui j^ Vji ^ail 

(1 -9) ... a=-|^ (*-i,2,...») 

(2-9) a=-|^=o 

Ll .olaJI ^ J|£ oiK Ijj <£L. io^HI ^ 1 oVjbai 6 j* j,^ 
. (stable) Js^ l^l^i 6 | j^ tuu oj, ojLj ,^| ^ ^ ^12 c-ij lil 
fAs Jj «=£>aJ Ijj Lj .(unstable) J£l^ jj± j£tf| jl J^ii LiU jju jj ^ 
.0»«rfra/; ^L^ ^Ijtfl 6 l j^ 6Jift <£[_ o^j jljrtl ^j > OiLL* 
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.(v 1-9) Jiill ^ L£ ,Lb>5 ak. ji .(11-9) J^ill <> L^ <6j-£ 




(1-9) Jiill 



• ._."<; <ikiLw» <u$]aill <jl L<u jjjl 



(3-9) 



T+V=T +V 
T-T =-(V-V ) 



1..U5 J r-— jji. o'j^ 1 *^ i^v ''^J u-'j^' c*°j &■ 
.ji^vi <> -••■■:» o*ii ljs ^iiLu-roi ^1 .Ul- r-r j l*>» ^ 



(4-9) 



7=K?) 
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jljrtl £^>j 



Joe 



oA? 



(5-9) 



dV_ 
dq 



■■ J^' <> u'^l ^ 



»>cu ^ jaa-i 



(6-9) 



rf 2 7 



dg 



->0 



2 >V (JlL^ jljSl) 



(7-9) 



</ 2 7 



^ 



-<0 



2 (j5l^o jj£ jj'j^ 1 ) 



>5l~~ >A? ^21^ j\$l ^L^ji ,(2-9) J£-iII ^ .CjBj^lLUiJI ^^ 



V 




(2-9) JS^JI 



1-9 JfuD 

^ Jll (13-9) Jlil! ^i L£ .fc^af ^1^ ^ ^us <Lii <> <oi£ j^ ^ fl 

~*~*i ^^ fA*" li!l <>0 <d*lj »<A^ liil o~>-^b «u'j3Vl {-^j Ji~ 

.( V 3-9J^JJI ^i L£ A^iiVl tsJltAI jt <£&]| j^ ^Uijl 

V= mgh = mg I a- ( a- b) cos 9] 
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Cwl-9) JS-ill 



(11-9) JS-iJI 



— =mg(a-b)sm9 
dd 



0=0 Uii* dQ 



j ' a" ■ 7. V I K 



=0' t* 1 






:j| L£ « o'^ 1 t^J ^ =0 J 

2 = mg( a- b)cos 6 



d 2 V 



0=0 U£* ^2 



mg( fl- fr) 






3 Usij <t£II j£>- oj^ L»^ tfl «<*>& u 1 * 'J| J 21 — o'jtf' H^ 
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K n = 



fcfV 
dq n ) 



q-a 



<LuLJ\ ^> ^^Jl j^Ji 



ej ^-0 uj^ ^^ O 1 ^ 1 j-^j q=ac^l£ Ijl 



(8-9) 



K<?)=/c +-/c 2 (^-^) 2 +. 



>^' <> * ^ fj>^ je* j* Jji jt r«-^ o'j^vi ji^iLuii a*^ 

,jl£ Ijl l^ii^^ JI32VI j^ jSj^ Wtf j L^, ^ji 1^ ^ Ijli .JjLJI 



^=-^— ^(^-fl)"- 1 



"> u'j^' uu^j cr*-^ 



^tfjIS Ijl LJU g] , ajSk i Ft>[^\ j£j Ji ^^ |_ 

•^Jj »j <*?*>-*, cul£ Ijl Vl Ji^L ji Ij^J jl^Vj ,(?<^K Ijl La^j 
**uh <Jlj ^ ^11 <51L | ^1 n =2 j^ <^JLI ijLJl cVLJI ^ ^ 
r«<UUI J| oUI^VI 1^ USi IjLi .l^ Juki <llj S> SJ| I ,-,_,,. ,^1^ 

:Lt!S o^? jSjJc <K0)=0 L^ij 



(9-9) 



V=-K 2 q 2 

2 ■ * 



■ 1^ (j^l <£j* t> Jja^. JUaL dJjj 
jjl o^^ ^j-^ 1 ^1^-jJ SjojlLo i^jJiia UJ j,L£ Ijl .J <■*,[' ^..i'.. 
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U^J "*-W OJ u'j^ 1 t^j <l x ~ %~ • • • = ? ; =0 < j L >_li 



I * U>^ ^J ft "-V t L \ -N.'t 



•J SmiIL A-iuajJI <£Lb jjuxu JjJoC 



1 

(10-9) V(q l ,q 2 ,...q„)=-(K u <fi + 2K n q 1 q 2 +K 22 q 2 2 + ...) 



Ki 



^V 



^i 



v^i ; qi = q2 =...= q „=o 



K 



( d 2 V ^ 



12" 



dq x dq 



\WW,^o 



<LJUI ^i ^Lill j^JI ji L^ <K0,0, . . . OHl-.r.oj viu^ ,dJljj IjIaj 

.^IjjYI ^-^^j Jt^ j*"" lJuV j^u^sJI ^jLuu_» 
IjIj (quadratic form) ^jl^^ I J^Juli (10-9) ^ £ru^l j-^ ±=J\ ^^a^ 
jjl^VI a-a-^j ul$^ SiXic q, oLil^^VI J£ J^l ^yA jsluzII (£j\ mi jl Lt=wj-o <jl^ 

:jl^ I jl dJj Jl^l* . Ij^m.a # = q 2 = . . . = q =0 



K n K u K l2 








^21 ^22 ^23 


>0 


*11 


^12 






K 21 


AC 22 


AC 31 /C 32 K33 









>0 



|/c n >0| 



.IjSLac 



6JaJj <^>=>* 4ajJq13 iftjht ft jf jl-ft I 3"9 



(11-9) 



T=-/iq 2 
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(12-9) M^MO)4(yVo^+ - 

2 dq ^ 

(jlaj o^ s_ >: ii^ a /i ojI^iII jLoxil jlu jixk. jlj:l ^j ^=o oiLS ijLi 
(13-9) /i=/i(0)=^ 

:ja>ill Jt (9-9) <fcUJI ,> ^I^V <llj ^j .J^ ^J& 



(14-9) z=r-K=i^ 2 -I/c<7 2 



2' 2 



:&>aJ g-ilj^V oVjbu. ^2^ 

(15-9) nq+Kq=0 

J»e-e J^A 1 ?ji+5 JiJlc <K>0 jl ^i .jii^ jl^l ^^ ^0 jLS Ijl ^ ^ 

(16-9) «=j* 

V. 

(17-9) q=q cos(cot+e) 
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2-9 Ji-O 

<LCj-uu j J i <~T\ jj^ilc . LjLL a m^l l J^LjV CJV^ J <jj).7i^ll ixt ^^jVI A-C ^1 ft "til 

r=-mCmfl) 2 + -/ cm d 2 
2 2 

K0)=rog[fl-(«-fe)cos0] 

= [*-(*- &X1- — + - ] 

2! 4! 

1 2 

= -mg(a-b)6 + ^ +Lr ki ^l^^ jj^ 

L = -(mb 2 + I cm )6 2 --mg(a-b)& 2 

.i^tlll i^jjJI <> ^JcVl kJ1\jH oIj jj^JIj tulill jj^JI JUaL 
:j] ^ (15-9) j (l4-9Xi <^LJI <s>U]| <ijli^ 



x cm 



K-mg(a- b) 



,2 +-| 



□I (0-^mg{a-b)/ mb +I ( 
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(Coupled Harmonic Oscillators) j LLju jl I J IL.,„ ; 1 1^1^1^(4-9 

oVUI Jt ^^^OJJ JaUj iii^ ^jb| ^d U Cj^jU cgK»M,JI uejIj^JI 
<k*Jjj l^ . ^ .t^u c/d^ijA ms^\jl\ 5jtS ca^L^i^ c/ nj . ,,, ? , j.lUIj .IjoajG J&Vl 
,(4-9) JUJI -^ L*_£ ^'cJlij &ca£L*2_a L^JLo c^l ?«,»; ol^ij <i>tf 



^ /C m l /c ' W? 



i 



(4-9) JLill 



:j=^ JU'.II ii^^aJI <3LkJ| 3.h<. 



(18-9) 



(19-9) 



r 2 -2 1 -^ 

T=-mx, +-mx? 

2 1 2 2 



11 1 

2 2 2 



:*-j-oj]I <SUaj 



:^i\jLi <Jlj j^J ^ Jaj 



(20-9) 



L=-mx 2 x +-mxl-[-Kx\ + -K'(x 1 -x l )+~Kx 1 2 ] 

^ L L L 2 



I^^pJI ^jU-A '-'"^J 



(21-9) 



d dl _dl 
dt dx 2 dx 2 



J dt dx^ dx x 



t-v .a 
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(22-9) 



(23-9) 



m\=- kx l + k'(x 2 - x x ) 
mx 2 =- kx 2 - k'(x 2 - x x ) 



.. k k' 

x l + —x l (x 2 -x l ) = 

m m 

% + — x 2 + — ( x 2 - x l ) = 
m m 



•j» 



^ * 1/9 

:<jl J\ «ikuuu iiifllj: <%>k* ^^ll ^JL j-oIju x 2 j x ]t > Jit 



(24-9) 



(25-9) 



(x ] =A l coscot 
[ x 2 -A 2 cos cot 



2 k k' 

-co A l coscot+ — A l cos(Ot +—(A l -A 2 )coscQt = 
m m 

2 k k' 

-co A 2 coscot+ — A 2 coscot+—(A l -A 2 )coscot = 
m m 



:jaJ <^LLlil jj±zJ\ ^j^j cosco fwJ/i.UI . J*UJI jL^HL 



(26-9) 



k+k' 7 
(0 - 

m j 



A 1 A 2 = 



m 



m 



fk+k' 2 A 

CO 

Km j 



^ 2 = 
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(27-9) 



k+k' 2 

/»1 


k' 


UJ 

m 


m 


k' 


k+k' 


m 


m 



-co' 



(28-9) 



(29-9) 



. (secular equation) Ijjud I <J jLxi I (27-9) ^»"i" 



m 



m 



,2 . 



Lj& Uljj^.6; ^ ^jlajjj <1jL»-« lj-aj 



r k+2k\ 

co b =( ) 

m 



Ml 



. io^kiJl (normal frequencies) &±% tt M I ^ j j jll b) /; j<y ^^ 

X| = ^cos co a t x 2 - A 2 cos <y^ t 



(30-9) 



Xj = j^ cos co h t x 2 = B 2 cos 0) b U 



Cfiit^o o^ Lxk*e ^ Sj^' <JjLlaU <>JLJI oej^?^ o' J^\ ^L^VI jj^» 
j^ iin^u-o c^uJ 5 2 j ^ 2 j 5 2 j yl 1Lr akxll oli m,1I J\ Vl coscot=cos(-coi) Ji 
:^LL ^ liiU (26-9) ^^^ liu^jc lj] jji JU3 I^.Atj 



r k+k' k^ A k' A 

( )A l + — A 2 = 

m m m 



w*\\ j 1 1 fT\ ~\ 2 Lj 
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(31-9) 



A 1 -A 2 



^(D=Q) h( j\£ Ijl ( v ) 



(32-9) 

(33-9) 
(34-9) 



mm m 



B l ——B 2 



•o\ t*« 



:^HI ,> (30-9) j (29-9) caJUI & jf^ 1 O^-e ^ 
^ = A cos 6^ £ x 2 -A cos &^ £ 



^! = Bcos 0) b t x 2 -- Bcos co b t 

.,, I4i nil j^AjJj 6jjjuJ> olLA J^juYj 

6; ^cjj Li^ < (normal modes) <jljuu1J I otfUJ I i^jLlI oljI^iaVI ^si 

. (normal frequencies) 5^juxxkl I o I j jjlf I&), j 



Xj = x 2 



.(5-9) J5LjJL jx^»>o >4 L£ (symmetric mode) I jJi Lull <JL=JI ala ^j^ 




(5-9) Jlill 



Xj x 2 



^^JLaji ft) jjjlJL 3I314VI Li 
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Ijjh (6-9) JSLiJI J!Uj .(antisymmetric mode) jhLnH o u ^ £ - ^L=J' 6 ^ ^^ 




(6-9)JlAll 
ik^^j (24-9) <^ll cVjLl^ Jl Sjj^JL <H.m,*H JJSJI JaJI o^ 1 ^ "" 



(35-9) 



jq = A' COS 6)^ £ x 2 = 4' COS 6^ t 



(36-9) 



x 2 = B' cos co h t x 2 = -B' COS GJ^f 



:^xUI ^ fbJI J^ll ^^ III .V^io }U ^LJI j^ySjj 



(37-9) 



^ = A cos G^ f + A' sin 6^ / + J5cos co b t+B' sin 6)^ ' 
x 2 = A cos G) fl £ + A ' sin a> a / - B cos G) b t-B' sin a>^ f 



I^jjSLi £=0 2U^I1 1 i <G| J^li <<LjljliVI JojjjlLJI ^j-o ^ oktll o U .i. ul l Jj Vn 



Xj(0)=i4 + B 



jc 2 (0)=i4-B 



:j^j f=0 • ^j j ^jJJ iujuIlL oLSfolxIl jlilLiiL «z}1jlL 



x l (0)=A'(D a +B'(D b 



x 2 (0)=A'(D a -B'(O b 
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(38-9) 



j4=-[x,(0)+* 2 (0)] 
2 

^4' = -[jc,(0)+Jc 2 (0)] 

2 



B=-[x^0)-x 2 (Q)} 
2 

5' = i[j,(0)-x 2 (0)] 
2 



<-j< 'i *% ^LojJalLI jLULuu ^jjJJjjJI ^j-o ^U <li^XAJ <LfL»Lxijl CjVjulLI III rr<\ < n") 

< 1£ jjj dLaJVIj jljill ^h^Aij 4-jljoll ^i jjl n mi-sII «-ij IjLfl .iijIjljVI lajjjjJ\ 

ox* ^2 .j Cl (o) = x 2 (0)=OJ ^(0)=x 2 (0):^ i-^ljJLVI Lj^l j^ i^ 
c^ ■jp 1 (0)=Jc2(0)=0j x 1 (0) = -x 2 (0) i ^ 1 ^ 1 Ljja^l jjlu^i ZX*. cg"i <U "in 

,Jo5i jiaulll ^^u^lx-o «-*-<a^jl jUiJ .Dpi mmiL <LojdJl-o CxJjIill J5> <jj^-* ilLaJI *iA 
<Loj)lVi U JjU 6^X.| ^^Jl^^' <>lll^ll S^jIJLo <LijIj1»VI IsjjjjJI <jjSLj Lojlc 



(39-9) 



(40-9) 



(Normal Coordinates) S^^LI | ^ L!i I j^y I 5 " 9 



- 1 ( \ 



I^jl ik^U d^ <Cr^»lj^.yi J^J-A <1V^J Jh'j^V <llj y^nn |U J^o 



l 



x 2 = ^<la-%) 



4iaj 
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T ^m (q a + q b ) 2 | m (q a -%) 2 = m , | m 2 
2 2 2 2 2 2 



,r k(q a +q h ) k(q a -q h )~ k' 7 k 2 k" 2 
2 2 2 2 2 2 2 



:JI ^l>V <Ilj JUp 



(42-9) i=y^ + y«--«-y® 



d_dl__dl_ d dl _dl 

dtdq b dq b J dt dq a dq a 

mq b =-kq b J mq a =-.kq a 

(43-9) r&=i4cos(Gy+p B ) 

\<&=4cos(Gy+p 6 ) 



*>*=( A ) 1/2 
m 

J>" 1/2 ^+2^i/2 

m m 

325 



.io^kicjj (normal coordinate) ^« *«t~ ^IjjaJ _> q b jq a Cy> J& ^^ 
oLslj-^J ^U n^n jx ^-^ ^j t ^ cP^i J^ 0J-* <^ljJI ilLJI ^ 

oLulj-2k^U <bJUjjj jjjLLa c- j * ^ * ^Jl A-ju<ajjl iiLlaj <LiS^ajl <5LLaJl Jj^ '^J^V 
^i JLJI jjfc Lcl£ <LjGLfc iL^aiio n-ilji-V oVjLl-o ^Jl^j La£ <JLliJ 4 t»j tUll 

JLlA JjiJ^J JJ^lil dllja JH-P CjLuIj-^VI J£ jLi -LaSi J-a>lj ^ » J * lr> ^-i>^ L* 

■.(symmetric mode) ^tLiLI j-^jll (1) 
: (antisymmetric mode) ^kluJI ^^U-o j-*-a>ll (^) 



^l~ x 2 



^=0 J < J^ 1 ^ 1 J* l ^V ^ %JO) = 0) b 



j^jSJ Uj-ilj: y^W -ksi^ 1 u lj ^^ CmJJ' (26-9) ^^^11 <-*.oJI ^jL*-* 

:JU1I j^lll ^ic CrOljLai <£»l* V^ ^o^ 1 iJUI (^ 

^2 X 2 

.c=-l jl c=+l jl JjLJI Jlil ^ L^j jSj ^tjtUll jjjlll *_i}tlLL 
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:0u5^UJL O^Jj^ck <>u5lj^J L&jc Ijj <g] t^JsIjW ^o 



(44-9) 



%~ x \ °\ x 2 



. t^oxL ^l^j LA»1 ^ (44-9) Cju&UIL CjGijjJLI C/y^H culS v-*lLA* 



(7fte double pendulum) ^Lidl Jjj-LJI 2-9 Ji* O 

Uuj > 43.mI L <lA* «CLiL^ 2/ 'djk L^ ^ u-a1>* cicl.Ao J^jl. 4$^ o"j^ 
.(7-9) JUJI ^ L£ <<kuuj jk: ^ij m<Q]^ jf*^» pjMi-> (5>^Vl <iilfij JJbu 
i£j^ jj^i aSjlc .^Luuil ^^uii ^ ^iri.o ix^kjll oIjI^IaI J I ck>>^ 

.LAji ^jiJI ^ <-mgKcos6+cos<p) J -mglcosO W^j ^j *0+0) 




:^\jLi <1Ij iirft'i 



L = ~l 2 6 2 + — l 2 (d + (p) 2 + 2rnglcos9+rnglcos(p 



n^ljC.2 oVjULA <.,n n-\ t 



d dL _dL 
dt dtp d(p 



d_d±_dL_ 
dt 90 ~ 96 



:s^j 
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ml 2 d+ml 2 (8+(p)=-2mghmO 
ml 2 id+(p)=-mgl sin (p 



(45-9) 



2d+^6+(p = Q 
I 



e+(p+-(p=o 

:JHoYl (jja*-) CAJ" > 5 3^' ^ jUI1 



i L£ 



-26) 2 + ^ -« 2 



-0) 



V + ^ 



fo) 4_ 4w 2 ( £ )+2( i ) 2 =:() 



:Ua jLnnUI jbjj^l Ul5^ 



(46-9) 



fi>.=^(2-V2) 



w .- i£(2+V~2) 



^ (45-9) Oi j~ ^ C^h^ 1 o^ 1 -^ M^ 1 ^' '^ 
(-2« 2 + 2^) = £t) 2 <p 
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(p--^J20 J 0)-0) h ^l^ 1 ^U-a £-a$II 

< + [2 L- ^ Cg "^** CA- -^ (44-9) <ijL»II ^ ccuLlU ji gjlli ^jj£ Lu> 

q a =(p + 4lO 
q h = (p-^26 

LJ . CaIjLJI Cgjy.'^M <>j!jIj^VI aIjVumI 



iyi+ii oUjkiAitLftUJi^jiiiJ) 7-9 



<iLL <jLl£ ^jS^j ^SJIj 4-ij^ iswjj W Lfl <-ojtVtn iSja. ^L LulA ^j 
1 "1 1 

(47 ~9) ^=2^iift 2 + ^2ftft+2^22?2 + »-ES2^^* 

/ & 

£ul5 /X JllaVl Jl ^jlSLuu* 111' ,L$J jljSl j-^aj J^ J^ Lo^J^llI ^jl Lu 

Jjj^j pI^^Ij IIaS Lul LAil ^jliiixju L£ .jljjVI £-^j ale elk ^ a ^ ftji jlj 

:j-jui^ll jk. jl^^l £-^J £*J OJ^J iijlj^.VI jjUJLl iojiail ^uulio 

ft = ?2 = -=^=0 



1 1 1 

(48-9) ^-Kllft 2 + Kl2M2 + -K2242 + --- = XX-K,*<?,^ 

a. 2 

:jS Mil u rtjl^c.V <Jlj j 1 1 /i*jj 
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(49-9) 



(50-9) 



i= XZ^ < H-K i H;&) 



i k 



d dl dl 



dl dq k dq k 



= 



i^^pJI oVjLjui >_jj£jj 



■■J^ ^ 



S(M>fc^+^4f,)=0 (£ = 1,2,-, n) 



:J&j\ > J^ JUA O 1 ^ 'J| 



(51-9) <?fe-A' cos6> ^ (&-l,2,...n) 



(52-9) 



2(-^fi> 2 + *i»)^= (*=l,2,-.») 



-1 .^^11 ^L- JH.VI c«- u' o^ ^ LJI ^ jU ^ ^ ^ ^ ^ J 



(53-9) 



-/i n 6> 2 + K n -UnM 2 + K n 

-/i 2] 6> 2 + K 21 -H 22 0> +K 22 



= 
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: eg n o^ll JHaI 



2^2^ b jk x j x k 



j k 



jL,z* a jk x j x k 



j k 



J*-^ 



:J1^JI ,> i jLL Jjj^l j^ &±ic Ljj La^ J^Vl j£ Ijl Ujk: 



X, 



: X<*;.ty (*=1,2,...») 



X X fy */ ** = a d + «2j' 2 2 + . . . + a„ jr 






-rn« 2 + ^ii -7i2« 2 +^ 2 • 
■y 2 i« 2 + ^i -722 w2 +^2 ••• 



= 



:<UjUJU jjiaJ <UjILo 



-ya x o) 2 +^ o 

-ya 1 oy 2 +p i 



= 
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:oLufj^.l 



ft ><?2 >•••><?„ 



: ( _ r k^JI JjjjLIJL ^jia*^ 



(54-9) 



%=Y. c k ( lj U'=l,2,-- V «) 



!(JSuuuJI J^o OUU 



U"* OlAJ^a ,/^Aaj» ^jlj;!^-^ V J i <J 



*il )iin"t V a 7 



(55-9) 



T =-(M?+M2+- + Vn& 



(56-9) 



2 , r; -=2 , , - -2s 



v =- ( - K \%+K>q2+-+K n q,;) 



:J-ij^ltl Ij^J <-\f\\ n^\jL^ <Jlj ^u-ojj 



(57-9) 



k l 



:Jj-lJ£. S^sJI oVjU-o .Aa-ij 



(58-9) 



(59-9) 



^.^+^^=0 



(£= 1,2, •••,») 



^, =/!,{, cos(<y/+^) 



0>k = 



\ K k 
! /4 
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l*J ttilj.1 ?jtj.Ut l oIjjjUIj «<j*;iJJI oLpl-^yi ^ g.oL-^1 j^yS *illjj 

• <f«jJJl oLslo^yi 5^ ^ i^lLsS _£*_ ^i (53-9) sjj-Jli 
.((56-9) <bLdl) <_-»_iJJl oL:lj^Vi jU^y ^jo>^l Je>=^' jL^I U 

v_iL-=JI ^. .i -vll <xIaJI <S^aJI ^ IlLii LaS ,diji.-~ n j.Ua" , ,^ J\....q 
yJ L^ <gil>V <lb ^lli J£.uc £jill |JA ^ ^ oiilj] Ijlj ,juUj ^ 



(60-9) iA = A +a 



( 6l ~ 9) Qk=-<u<l\- hk q 2 ~ •■■- c nk q n 

((50-9) oVjUII) Sa-lAi. j_£ <Sp. <JLJ <^Li» iajyi K^JI oVjbt^ ^j 

.<JUJI ol* ^ ^ jjjaJI J>a*j ^I'.^.-l . 

J! Jej^ jL*_1 (So^L Lib ^ o^j) oVLJi ^1 ^i j^jli ^ 
(62-9) Jl k r q k + c k ~~q k +K k q k =Q 



:>i 



(63-9) ^ 4 =A k e Xl ' cos((o k t+(p k ) 
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LxS. i <s ±»\ J^uii U-*>" JL5D-° £■* t^^^ So-oL^-lLI <^j_aJI <,A-<.u <j| h^U 

L£ <L=»-j^ ji l^» LjJLc- j-oUkill jxjfLi Laic <LjIjiaI jac <^>^ll ^jj^ ji O^-*- 1 

.JjVl J^aill ^ LluujJ 
^J^Lklll <^i j| «aiau=JI <JiiljJI (^itl joe. ^>=*.l <£>S JllA Cul^ Ijl < \^sL I 

Q fe/ cosa)/ joiiLx JfLiu LflUwjl jfL^ jjoic <<>0^ £-* ^f^ jf^" ^' t£>^ 
LSj^JI <JjU^ JLx. j^j (60-9) i^U <bLu* J£ ^i (Q kext e i(ot j\) 



cot 



(M-9) Vkqk + <*iik+Kk<ik=QkJ 

JJjIj <j-ajJI £-0 Lvj> j ttx i 6J^j <A2kjLk S^Il <tt <ALk }l!Lo 4 *jU'«l I ojI^ Ijli 
jA ^^j^Ul l ^jlo^VI ^jjSLi ladle 1(1 1 «i4% io^kledl <ju*_lxL1I oljJjill ±=>S jLuu-o 

jj^xjJI jjb ^la^VI JJj j^j^j j!iaic lj^ Ijvi,.^ j-oLLIJI J-oUl-o jl£ Ijl jJal^ll 

. *Loj)H\nH ^jS r> I, I 
6jjt in Jl^j J rt^ aCJLu<o1j(jjlAI 9"9 



Oiu <JJ""° '-'' ' " O- ^-Mj- *Ucu_i-uJ ^Ujln'u oljIjU-Jbl ^jQ aM 6JJb ^_fl ^jjjjJ 

jLxjI ok: ic^a^o H Ujj£j m SjrJjJI ifc£ 6jA».i.*a oLaI^u^j Ja^-oj ^^La J^ 

6jjt n^ll CjIjIjIA^U <Lal»JI <1>jU\I1 *. q a A <TLuJLI 6JJb **a" . L-iAju ,>o iijLuuILo 

.iJlltl Sjlill ^ UjjlxJ ^lll 4-^.jil <£>^JI (\>f** ^1 4>&J 

^^oLuU^VL oUn.,^11 (ol^VI j-^j ^> ^Vl j*JI) iuVI 4»...ll >^il 
Ufj jxLill ^^^w J£I ^^SLu ot^j^JI <> c^>i ^JLLa ^i jco^I^I ^> .,..., ^ 
^ L£ < (transverse motion) <^jc 0I3I3IAI ^1 .Ji^SUj ^SU jI^IaVI Uaj 
iJ>L, i^^ J\ dU^uJl 3 1^ Jloiu J m.jIIj c^J jIj^aI jl '(l 8-9) JlAll 

.(^ 8-9) J^m.II ^ L£ < (longitudinal motion) 
Lkj^-* ^ Mi jb C^-j^' c^^ 1 -^! u-° tr* ^j^" u^ 6,ijh lH-*-uljj ^ ^j*! 4\i 11 
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(65-9) 






?=*($+$+-+& 



m 



m 

-o- 



ii 



<?i 



0) 



o 

m 



-o- 

m 



(v) 
-9) JUJI 



o o- 



:<jj£i V+ 1 jV Cgftj'M^ll c?u JL.tl <ILLL_uI ^i 

1 2 

■ l/ ^jin^ll £>U J-col^JI ^j^JI ciilJ 5-\j^ J-oUL-o KiZxxz* 



^ 2 +(^ v+1 -^ v ) 2 ] 1/2 = /2+ — (^ v+1 -^ v ) 2 + 

2/z 



:j-Jil\ ^^Jr. dl.nll <JlUn..l ^-u^ u^? 
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M=--(q v+l -q y ) 2 
In 

:*>=JI lifl j-^jil iilk jj±i &X*. dLLJI ^ jaiJI jji 5^15* IjU 

c 

5A/= 2/* (<?v+1_<?v)2 
(66-9) K=^+( ft - ft ) 2 + - +(4,-?„_,) 2 + ^l 









1 
(67-9) i = -X [m< ?v-^^v+i-^v) 2 i 



rf <9i dL 



dt dq v dq v 

(68-9) mq v = -(q v -q v _^)+k{q v+x -q v ) 

v=l,2,...,w 
ji o^j^ Lf^ ^(coupled oscillations) ikuj^ <_.I,aU; ibl** n (68-9) Ji^ 
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:J$^A\ ^ ^L± <-Jj^*J L>^J>" £-° Lvj? Jf*^ ^CjLjIj^.VI 



(69-9) 



q v = a v e 



iCOt 



V fUif\U <£>J2± iLuj^VC 



(recursion formula)^ J l <fcu ^ (68-9) ^i jj^JJJ ^ J? ~" J^ll 



Civ o 



(70-9) 



-m(y^ v = ^(tf v-1 -2^ v + fl v+1 ) 



:j-^ajj dLLJI ijL^ij iiljj j-uuajx iLLJI iS^LsJI JJ-J 



(71-9) 



«o = ^ + i = 



■jJlaLI (jOail) cA*il daj *fi ^ 



(72-9) 



-mco~ + 2k -k ••• 

-& -m(o 2 + 2k -k ■■■ 







••• -mco +2k 







:Jtt\ j^l\ Jc (70-9)' ^UjV 1 



(73-9) 



fl v = /lsin( v^>) 



:j^ (70-9) ^i ytiUI o^^L, 



(74-9) -ma) 2 /lsin(v^)=^[sin(v^-^)-2sin(v^)+sin(v^ + ^)] 
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■ijl <]j4^j J I ,-,",:>-, Jlii 



(75-9) 



mco 2 = k(2-2cos(p)=4ksm 2 — 

2 



(76-9) 



(0=2o) (j 'sm — 



(77-9) 



co n 



1 



m 



> <gi Vl ,^ Ujj^ -J ^l^i^J! <JV^ jjtj^Ull oljjjlll (76-9) Lr L i u 
Lu^ ^ill ii^UI j^ ^kJI ^Aij pIj^ 4 X ,^,^ uj^ . ,» <&UJI ^^ j] jc^uil^l 
i J*L ^J*^ J\ J <Ae~ l v<pJ\ AefvQ J\ <Acos(y<p) c^£ *\^u* [+* a <^VI <*^JI 

cp J ijjLiJI LoaiJI jU^V a=0 i^lill Ll^itl L^ ca*i^ I jj ,a Q =0 JjVl 
(78-9) (w+l)p = Afa 

a n+l =Asm(Nn) = 



(79-9) 



(80-9) 



co N - 2&) sin 



f Nk ^ 



2n+2 



■.^ ^JJI oVUU oljl^VI <*^ Ji (78-9) j (73-9) > ^ L£ 



fl v = ^4sin 
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N=l, 2, . . ..wjljtVl Jsi Liu -o-jjJll f^-aJI ^j Jlv=l,2, . . . , n jljtVI >_£ 

2>jU-.ii i^j ££ jd\(normal modeJi^uAAS <JUJI ^1 
(80-9) <JaUil > UlW, L£ <W^\\ <>j»UII oVUI (9-9) J^JI j^je 
oVUJI Ha,..i )jL j n=3 (cA;^' ^I^LluL) »JLJI ^ o Uj . m-J I jjc Li^jltl iua. 

. JaSi JV=1,2,3 JjVl o^il ?J«J.«UII 




N=l 



Afc2 



JV=3 



(8-9) Jlill 



(81-9) 



g v - # v cos( <y ^ = A sin 



^yv/rv A 



v n+l y 



cosCgW) 






(82-9) 



?v=S^ 



r Nnv^ 



sin 



/v=i 



v n+l y 



C0S( G) N t + <p N ) 



MS,, _..Ull oVLJI jjc j> jJzL j&] nolnj.n-%11 jjc ^^jS <JL=» ^ 
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:J\ (79-9) y^ \j1 <ijJu* /V/r/(2rc+2)<^uill 



(83-9) 



(0 N ~N 



nco 



(fundamental frequency) ^L^i jj^is; jJLuaVl jjjill 11a jLIjcI jSLoj <gi ^i 

,,:!!, nil ^k oloj.,,^11 JJ£. jlj LaK <JaiJI <&UJI 6lA 



* < A "l. Ijl a lfl*l mo JLxCk ( JuL CJj 



J-J I, < <J A 

au„^1 L^cj^j ?*i^ftll ^jl^VI Llli jj-a. 1-9 



.Sjj^iLI oVUJI ^ j<fiM.U jl^' £^>* 






tf* f: 



J: 



2-9 



Wx) = -fecV2 : ^^ f-^ 1 "" 



a.lj j a"i .. i n o'jj' f-^ ^^1* O 1 <>*_* 
<kii ^ JP=0 j /^foc J<.till J* "jUjI" Sj5 ^Jh <Uk 6ja>il Sjill o\ djJ^J (&>0) 

^ Kj0 = 2r[O; 2 -2/Or + / 2 ) 1/2 ]-m < ^ :ii ^ fcJ ^ <>^ f^ 1 fr-A* uu * 

. a=mg/4kl o w=y// cu^ « ^ , zz ^ , , ^ n 
^ ^ ^ u -2au + a u -2au+a =0 



4 0^.3^.^,2 o^^.2_ M <S^xll j^i* 
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Sj£ Sjjj ^ 2a l^tl.o J>Uj ml^UsS iaku* iutl* <*Li ^yn 5-9 
K0)=rog[flU+&)cos0+ib0sin0] : -e cr^ fr-A* 11 OQa ^ ^^ ,fe U ^ 

.0= b Ljlc 



ijj£ wJu-aJi 6jjj Lf lc $ U^ki Ji^'i LcJillo <-xLo 6^ uia^ai 0^^ 7"9 

.a<5b/5 o& 

.4-9 <IuJJ ^i SjjSitl <£&U djjiLuJI iJ^UJI oIjIjIaVI jj> j^ 8-9 

.5-9 tfLJJ ^i jjliil v t<:JI Sjjt.^H oIjIj^aVI jjj: ^ 9-9 

.7-9 <JUJLl ^ Sj^ill SjUl ■ a.^t Zjxi.^U oIjIjIaVI jj> ^ 10-9 

Sj_£ ._«.^l ^IklaJI rtk^JI j^-L a U^kS uiual Sj j t i^> i^JX-A 6^£ 3I4H 11-9 

27rt7(fe» - ^)/5g] 1/2 ja S^JL^JI oIjI^iaVI j^j J ;** •& u >* ^~ M^ 

.a= 1 cm j &= 1 m jlS Ijl <i^ ^j 

Ljj^JI o:t£ IjI (4-9) JSAll Ji l~-^jl\ L^jh'tJl <*£ J£ <£>** ^ 12-9 

jli/c'«AC 1* r ^ UjLJI <ILuJJ ^i c^t^l JW-Pj' u^ ^1 ^ uA* 13-9 
.L>is [2^/(/c/m) 1/2 ](/c/2AC')jJji» SiLUI 0*^ ca— ^11 

. ^ .^* CaJj^ 1 JW 3 u^ l^i ^i^L^il Jb^ 4j\.yktl objjill jj^. 14-9 
\^j jjjjio ■ «^ Jjo. ^^ic iL^o <£Loio J& o^H K^aJ! oVjL«-a c--u^l 15-9 
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